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Stochastic dynamics in quenched-in disorder and hysteresis

Giorgio Bertotti,? Vittorio Basso, and Alessandro Magni
IEN Galileo Ferraris, Corso M. d’Azeglio 42, 1-10125 Torino, Italy

The conditions under which relaxation dynamics in the presence of quenched-in disorder lead to
rate-independent hysteresis are discussed. The calculation of average hysteresis branches is reduced
to the solution of the level-crossing problem for the stochastic field describing quenched-in disorder.
Closed analytical solutions are derived for the case where the disorder is characterized by Wiener—
Levy statistics. This case is shown to be equivalent to the Preisach model and the associated
Preisach distribution is explicitly derived, as a function of the parameters describing the original
dynamic problem. ©1999 American Institute of Physids50021-89789)23608-0

I. INTRODUCTION tation can be neglected amt{t) only is the relevant driving
. _ . _ force.

There are many physical situations in which thermody- g hysteresis properties of the model emerge from the
namic equmbnum is difficult to reach. The system may bestudy of the trajectoriesi(X) of the system in theX,H)
trapped in long-living metastable states, and over ordinary|ane |n particular, one finds that the rate-independent tra-
time scales it may appear as permanently occupying a NOfiaciories obtained in the limjidH/dt|—0 are given by the
e.q.umbrlum state depende'nt on past.hlstory. Underthese COikaquence of points at whicHq(X) reaches progressively
ditions, the relevant interpretative scheme is rateqjgher or Jower field levels for the first time. On this basis,
independent hysteresis rather than equilibrium thermodane can reduce the problem of the calculation of the average
ynamics. In magnetism, micromagnetics and Landau~magnetization curve”X(H) of the system to the solution
Lifshitz—Gilbert equations proy|d_e in principle t_he t_heoretl- of the level-crossing problem for the stochastic process
cal framework for the description of magnetization pro-y_(xy By exploiting the mathematical results known in this
cesses. Magnetic hysteresis should emerge from thige|q \ve shall obtain an analytical solution fé(H) in the
description after appropriate average over structural disordet,qe where quenched-in disorder follows WienemsLsta-

In its most general form, this problem is of discouragingyistics. Remarkably, this analytical solution turns out to be

difficulty. In this article, we limit the discussion to a much ¢4 ivalent to Preisach-type hysteresis. This result represents

simpler situation, that of a scalar system governed by relaxy jimited but important example of derivation of macro-

ation dynamics of the form scopic hysteresis properties from microscopic, nonequilib-
rium dynamic considerations.

dX
Ygr - HO—He(X), .y
Il. HYSTERESIS AND THE LEVEL-CROSSING
PROBLEM
wherey>0 is the friction constantd(t) is the time-varying ) ) )
driving field, andX(t) is the system response. The internal  1he basic aspects of the dynamics described by(Bq.

structure of the system is described by the free energy gréi'® made clear by considering the phase portrait of Bdn
dientHg(X). Due to structural disordeH (X) will fluctu- the (X,H) plane when the field increases at a given constant

ate at random as a function &f

Neel' was the first to develop the concept of random
energy landscape, in the framework of an explanation of the H HL(X)
Rayleigh law on a statistical basis. Kronhen and
Reiningef started from this concept, investigating the prop-
erties of the energy profile derivatité-(X) on the basis of
the local fluctuations of the defect concentration, supposed to
act as pinning centers. In our approach we will not enter in
any detail concerning the physical origin of the fluctuations
in the free energy gradient. In addition, we shall discuss the

problem in the limit of low temperatures, where thermal agi-

FIG. 1. Free energy gradiehit-(X) and corresponding individual trajectory
H(X) in the rate-independent lim{dH/dt|—0. The state X;,H,) is an
3E|ectronic mail: bertotti@ien.it upward reversal point.
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H @ (b) X Suppose we consider the trajectory of Fig. 1 when the
H, g field is decreased from some large initial positive value
(positive saturationdown toH=H,, where it is reversed
and increased. LeX; be the value oK at the reversal point.

’ The distributionp, (X,H;H,) of the system respons€after
the reversal is controlled by the level-crossing probability

H. X PLc(X,H|X;,H;) [see Fig. 2b), with H,=H, H_=H,]

X X X and by the distributionp,(X4;H;) of the reversal valuX,,

0

according to the expression
FIG. 2. Schematic representation of the level-crossing problem in the field

t I H_,H,), starting fi tial dit H , and . _ . .
:2 ter:\éa}irﬁitHO:)Lfg)fng rom a given initial conditionXy,H,) (a), an P (X,H;Hy) = f_prC(x,H|X1,H1)p1(xl,H1)dX1,

H>H,. )

Let us now suppose that the field is increased upHto
=H,, X=X,, and then reversed again. Lgt(X,;H,,H{)

be the distribution of X at the new reversal point.
p>(X5;H,,H;) coincides withp,(X,,H,;H;) and can be
calculated from Eq(2). Each point K,H) of the new de-
scending branch is a potential upward reversal point. There-
fore, because of return point memory, it is governed by an

rate dH/dt (Fig. 1). Let us consider in particular the rate-
independent limidH/dt— 0. In this limit, the trajectory ob-
tained by integrating Eq1) is made of a sequence of stable
states characterized by=Hg(X), connected by horizontal
unstable branche¢Barkhausen jumpswhere dH/dX=0
anddX/dt=(1/y)[H—Hg(X)]. This description can be re-
cast in the fo!lowmg more _general form, partlcu_larly useful quation identical to Eq(2), in the field interval H,H.,).
when H(X) is a stochastic process: the rate-independent. . A ) .

. . o : his means that the distributign_(X,H;H,,H,) associated
trajectory under increasing field consists of the sequence of. . . . .

; . ) with the descending branch will be the solution of the inte-
points H=Hg(X) at which Hg(X) reaches progressively ral equation
higher field levelsH for the first time. This creates a direct 9 q
connection between the trajectory and the statistics of th@x(X;;H,,Hq)
level-crossing problenfor the stochastic proces$s$g(X).

X
Let us restrict the analysis to the case whidggX) is a :f 2ch(Xz,Hz|X,H)P—(X,H;Hz,Hl)dX;
Markovian stochastic process. This means that the evolution -
of the process under given initial conditions, eldr=Hg at H,<H<H,. 3)

X=X,, depends on these conditions only and not on the
details of the process fot<X,. Let us consider the process This  procedure can be continued to obtain
in the interval H_ ,H.), with H_<Hy<H,, as shown in  P3(X3;H3,H2,H1)=p_(X3,H3;H3,H4), and  then
Fig. 2. Level crossing is studied by following the process inP+(X,H;H3,H;,H;) and so on. Any desired higher-order
its diffusion away fromH, until it reaches one of the levels reversal branch can be generated and studied this way. The
H_ or H. for the first time. Here the process is stopped andaverage system response along the gemehicorder branch
removed. Mathematically, this feature is dealt with by intro-will be
ducing absorbing boundary conditionstg=H_ andHg X (H:H H, Hy)

.. * IR R R LI LN
=H, . The case relevant to the study of hysteresis is the one
where a realization of the process startingXat X_ arbi- e
trarily close to the lower boundary _ but not absorbed by ZJ " Xp+(X,HiHy,....Ha HydX, @
it, crosses the upper boundabky, at X=X_,_, with X, ) ]
>X_ [see Fig. P)]. The crossing valu&, is a random Where the “+" (* —") subscript denotes an ascendifuig-

variable, described by a certain conditional probability dis-Scending branch. We see that in general the higher-order
tribution, normalized to unity, which we denote by branches W|_II depend explicitly on the entire past sequence
pLe(Xs H4|X_ H_). There are methods discussed in the©f reversal fields.
literature to derive this distributioh? For the moment, we
shall si_mply assume that it has been calculated and is knowjy \WIENER-LEVY STATISTICS
for a given process.

Let us discuss how these results apply to the problem of ~Let us apply the previous analysis to the particular case
hysteresis. First of all, notice that the system of Fig. 1 obeyavhere the free energy gradiert(X) has the form
the property known aseturn-point memoryThis property X
can be defined as follows. Suppdsés decreased from large He(X) = —+Hp(X). 5)
positive values down tbl,, then it is increased up td, and X
finally it is decreased again. If return-point memory holds,In Eqg. (5), the termX/ y represents some parabolic potential
whenH reaches again the valli#; the system returns back well ensuring the large-scale stability of the system, and
to the exact state it occupied when the field was reached H,(X), the pinning field, is a random process with zero
for the first time. It has been proverthat return-point mean, which we assume to coincide with the Wienémtle
memory holds for the individual trajectories of Fig. 1. process. In particular, this means that Hp|2)=2A dX
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with A>0. Pinning fields with Wiener—lwy statistics are of 4
definite physical interest. They were experimentally ob-
served in ferromagnetic single cryst&isand their introduc-
tion leads to a satisfactory general interpretation of the
Barkhausen effedt.

The solution of the level-crossing problem for the ‘%
Wiener—Lery process with drif{Eq. (5)] is known®*° One x
finds that Eq.(4) takes the simple analytical form

N
T

X+(H;Hn...H2,H1) 2F 0.50 Ax p(h)
N e
(X £ 2Ax7| = n th(H_Hn) 1} () -
= TZAY C —1f. y . \
n 2Ax 2Ax “_4 > o 5 .
H/AY

A remarkable property of this solution is that it can be
mapped onto the Preisach model of hysteresis. This derivesg. 3. Hysteresis loops calculated from E6). In the inset is shown the
from the fact that Eq(6) obeys return point memory, and Preisach distributiop(h,) [Eq. (7)].

another property, known angruencywhich represent the

necessary and sufficient conditions for the description of a

given system by the Preisach modé?. The congruency V. CONCLUSIONS

property can be defined as follows. In a system obeying this  \ye have seen that, whatever the statistics of the pinning
property, reversal branches associated with identical reversgl|q of Eg. (5), return-point memory will hold under all
fields are geometrically congruent, whatever the past field,cumstances. Congruency, on the other hand, was obtained
history. Congruency does not hold in general for a systemyny in the particular case of Wiener-uestatistics, and in
described by Eqs2)—(4). However, it holds in the particular  general will fail for other types of random fields. This raises
case of Wiener—Ley statistics. In Eq(6), in fact, the influ- 6 interesting question of what type of property could play
ence of past history is all lumped in the average vdlg)  he role of congruency under more general conditions. An-
at the last reversal point. Therefore, all reversal branchegyering this question would show the direction in which one
have the same geometrical shape and merely differ by a shify, 514 generalize the Preisach model in order to approach a
controlled by the values ofi, and (X,). This proves the niversal description of hysteresis and would give a natural

congruency property. _ _ ~way to introduce new classes of hysteresis models.
The conclusion is that there exists a Preisach distribution

p(h¢,h,) (with h. andh, representing local coercive fields
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