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Stochastic model for magnetic hysteresis
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A model of ferromagnetic hysteresis is presented, in which the different microscopic magnetization
processes are reduced to the motion of a single domain wall in a random energy landscape. The
equivalent pinning field acting on the domain wall is assumed to be a space-dependent stochastic
process described by a set of coupled Langevin-type equations. The model is inspired by the one
proposed by Nel for the description of hysteresis in the Rayleigh region, but it is more general, as

it predicts both the static and the dynamic hysteresis loops, as well as their fine structure
(Barkhausen effett The model properties were investigated by computer simulations. In the low
field limit, the Rayleigh law is verified, with coefficients depending on the stochastic properties of
the pinning field, whereas at high fields the loop behavior is dominated by demagnetizing fields. The
results obtained for the energy losses show that the separation of losses into the hysteresis and the
dynamic components is a general property of this model. Furthermore, we numerically verified that
in our model there is a complete decoupling of the dissipation effects due to the presence of the
pinning field(inner disorderand to the dynamics of the domain wall. €999 American Institute

of Physics[S0021-89789)09018-(

I. INTRODUCTION parabolic arcs, which means that the energy gradient, i.e., the
_ _ pinning field, is a polygonal line made of segments of ran-
Ferromagnetic hysteresis and the Barkhausen &%t  dom slope. Two constants describe this field: the distahce 2
are mainly related to the irreversible stochastic motion ofyetween adjacent points of the sequence and the \Wigltbf
magnetic domain walléDWs) during the magnetization pro- the Gaussian distribution of the slopes. For DW displace-
cess. The intrinsically random nature of DW motion is thements lower than B the DW moves reversibly, whereas
consequence of pinning processes caused by lattice defecgger displacements lead to irreversible jumps. The distance
inclusions, or interactions between different walls. Magnetic,, represents the distance beyond which the memory of both
and thermal treatments, applied stresses, and many other gy, ampjitude and the slope of the pinning field are erased.

tors may affect the statistical properties of the pinningThe parameters of the Rayleigh law found with this method
sources. A detailed description of the various microscopicare directly related to the {2°,) constants

magnetization processes, and of the related hysteretic behav- The approach developed by Pfefieand Kronnilier

ior, still remains a very difficult task. In the past, several 3. o , . . :
. . : et al.’ is a generalization of N&’s model, in which the pin-
authors addressed this problem using different approaches

and simplifications. Among them, a key role is still played ning field results from the ra_ndom superpositi(_)n of the inter-
by the model proposed by Nekthe complex pattern of a_ct|o_n fo_rcesj of the DW_ with defects. In this model, the
domains is replaced by a single DW moving in a randomPinning flelq is fully descrlbt_ad_by thre_e parameters_: its aver-
energy landscape which takes into account all the randor9€ fluctuation wave lengtisimilar to distance Ppreviously
interactions of the wall with the surrounding medium. This Mentioned, its average value, and the average value of its
approach was generalized by Pfeffer, Reininger, andh@xima. Assuming the field to be Gaussian distributed, the
Kronmtiler,>® and by Alessandret al*~’ The development dependence of the coercive field and of the Rayleigh coeffi-
of these kinds of models seem promising also in Connectioﬁients on the defect density are calculated, together with the
with other phenomenological descriptions of hysteresigamplitude and slope distributions of the pinning field.
widely used in the literature, in particular the Preisach  In the model of Alessandret al. (ABBM),*~’ the pin-
model>® ning field description is further generalized to construct a

Néel' introduced the concept of random energy land-stochastic equation for the DW motion, in order to explain
scape to give an explanation of the Rayleigh law on a statisthe main characteristics of the Barkhausen effect. The equa-
tical basis. He considered the displacement of a single DWion is inspired by a previous work of Williams, Shockley,
and he assumed that the energy of the system, once exnd KitteP who experimentally studied the motion of a
pressed as a function of the wall position, fluctuates around gingle DW in the case of a picture-frame single crystal of
constant mean value and represents the random energy pigficon iron. The DW motion is governed by eddy current
file experienced by the DW during the motion.@lenodeled  gamping, resulting in a linear relation between the average
this complex energy profile by a sequence of equispaceghy velocity (vp,) and the net magnetic field acting on the
DW, resulting from the difference between the external ap-
dElectronic mail: magni@omega.ien.it plied field H, and an appropriate threshold fidt}:
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<de>°<Ha_H0- (1)

H, includes counterfields of various origin, like geometry-
dependent demagnetizing fields, short—scale interaction:
with pinning centers, and long—scale DW—-DW interactions.

The ABBM model generalizes E¢l), assuming that not
only the average DW velocity, but also the instantaneous one
is described by an equation with the same structure, i.e.,

VDWOCHa_(Hdem+Hp)v (2)

where the geometry-dependent demagnetizing componer

Hgem is separated from the random componéty, which ‘

includes all short-scale sources of counterfields. The pinning R

field H, is then assumed to be a Brownian function of the L “ | ““hmmmmmﬂmww
04 AR AR | g illlh | Wl

i [ finy e H ! i

M

DW position, as suggested by earlier experiméhwn ap-
pealing characteristic of this model is that the equation of

DW motion under constant applied field ra'ﬂg can be ana-
lytically solved, so that, for instance, the probability distri-
bution of the DW velocityPy(vpy) can be calculated and
directly compared with experiments. The distribution
Po(vpw) depends on a single dimensionless parameter FIG. 1. Free energf =F geq+ F,, and its derivatived F/d® = Hge,t H,

proportional toH,, and gives a clear and simple explanationPl°tted s a function of magnetic flux.
of the qualitative change in the character of DW motion un-

der increasing field rate, that is, distinct Barkhausen jumpsdegree-of-freedom model, any internal degree of freedom re-

widely distributed in duration and size, at low rates, andjateq to flexibility (bowing) of the wall is neglected. The DW
continuous motion, with nearly Gaussian fluctuations aro“”‘i’/elocitvaW is the same for every point of the wall and is

the average value, a.lt h'gh rates_. This theory was Succes.SfUIafrectly proportional to the magnetic flux rate of charge
applied to the description of various soft magnetic materials,

. . ~=2d Igvpw, Wherel g is the saturation magnetization of the
bOth. crystalline and amorp_hous, and was able to explain thﬁu&lterial. Other magnetization mechanisms, like rotations of
scaling and fractal properties of the Barkhausen effect.

. . . the magnetization inside magnetic domains, or generation
The goal of the present article is the extension of the 9 g 9

o . and annihilation of DWSs, are not taken into account. Clearly,
ABBM approgch to the descrlppon of hystergéisaylgg_h the model cannot describe the approach to saturation, but
law, hysteresis lossgsinder static and dynamic excitation,

. . only the low magnetization region around the coercive field
sta_rtmg_ from th'e results presented n Refs. 6 and 11. Thﬁa)./The startinggpoint for the ?nodel is E). The applied
article is organized as follows. We first present the MaJOr 4 is a known function of time. whereas the geometry-

drawbacks of the ABBM model when it is applied to th_e dependent demagnetizing fiett}.,,and the random pinning

description of hysteresis, i.e., the nonstationarity of the pin-. ! "
ning field and the lack of a definition of the reversible sus-fleld H), are assumed to be functions of the DW position, that

ceptibility at low fields(Sec. I). Then we discuss an exten- s, of the total flux. Under suitable approximatiofishe

) . : e . equation takes the form
sion of the original ABBM equation, where these difficulties q
are overcome by the introduction of two characteristic scales
in the stochastic pinning field, one setting the scale of revers-

ible DW motion and the other one setting the spatial scale of h is the electri ductivity of th terial h
stationarity in pinning field variations. Then we investigateW erec is the electric conductivity of the material, apche

the static and dynamic behavior of the model by compute ermeablh_ty_ due to demagnetizing effects. The dimension-
simulations(Sec. Ill). Under low applied fields, the Rayleigh ﬁess coefficientG takes the vaIueG=(4/7r3)20dd(1/k3)

law is obtained, with coefficients depending on the stochastic=0.1356 when one considers a wide slaBsd?). In Eqg.
properties of the pinning field. This result generalizéglge (3), the demagnetizing fielth 4o, is assumed to be propor-
prediction, as it involves a pinning field of more general andtional to the fluxd. This linear dependence implies a para-
richer structure. In the high field limit, the hysteresis loopbolic contribution to the free energy of the systéfg.n
attains a well-defined limit slope controlled by demagnetiz-+ F,, as depicted in Fig. 1.

ing effects. Finally, we describe the results in the dynamic

regime, showing that the separation of losses into hysteretia. The pinning field

and dynamic component is a general property of the model.

dF/dx

: )
UGCI>=Ha(I)—§—Hp(CD), )

As mentioned before, in the ABBM model the random
pinning field H,(P) has been chosen to be a Brownian
[Wiener—Lery (WL)] processW(®) on the variableD. The
We assume a single planar 180° DW moving across &VL process$? is characterized by independent increments
metallic slab of thicknessl and cross-sectios The DW  dW, with (dW)=0 and(|dW|?)=d®. Its sample functions
position is proportional to the magnetic fldx In this single-  are continuous but nowhere differentiable. Therefore, strictly

Il. MODEL DESCRIPTION
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speaking the derivative a/(®P) has no meaning. However, h

given the fact thatW(®) is the integral of the Gaussian Poq] \/

white noise process(®),? one often uses the formal nota- / P -

tion dW/dd to indicaten(®). 0 \/VV W, N
The ABBM model is appropriate to the description of 11 / “ ‘

the Barkhausen effect. However, the nonstationarity and the

nondifferentiability of the WL process prevent its straightfor- _‘4 _‘2 0 5 4 X

ward application to the description of hysteresis. To over- h ' ' '

come this difficulty, a first step has been to pass from the WL P o1 (x—O 5

process to the Ornstein—Uhlenbe@®U) process? where g

spatial stationarity is controlled by a convenient correlation 0 Vv \/

length &, : 13 4. \f\MN
dH Hp dw :

T dd h 4 2 : : ‘.‘ X

<dm=o,<|de2>=zAadq>/§H. “ 0 ey ”“”‘v

®> ¢, , whereas it keeps on having the characteristics of the M
WL process at shorter scales. In the normalizatiolvg),
we have introduced the parame#gs, which has the dimen- a > P 3 2

sions of a field and directly controls the amplitude tf X
fluctuations. In fact, one finds by standard calculaticsese FIG. 2. Examples of pinning field profiles generated by numerical integra-

the Appendix that the stationary, amp“tUde distribution  tjon of Eq. (8). The h, fluctuations become more pronounced over small
associated with Eq4) is Po(H )OceXp(—HPIZAH) displacements by decreasing the ratio

However, this generalization did not eliminate the differ-
entiability problem, because the pinning field slaié, /dP
still has no precise meaning, ¥4 ®) is not differentiable at
any point. In analogy with Eq(4) this difficulty has been
resolved!! by adding an equation for the pinning field slope,

R | ™ W,
The pinning fieldH,, is stationary for large displacements 01 NM\/W
-1

u=t/7 with 7=oGSpu,

in which a second correlation lengt ensures that, fo x=®/Ey,
<¢&s, the average pinning field slope is well defined. The _ (7)
pinning field is then described by the following set of sto- dx D
chastic differential equations: Vodu Tey
dHp  Ho =Q(d) H H w
do &y . ha=7, hp=70, W=——, =&+
40 Q 1dw (5 An An Ay Ay
JE— + _——— —
do &5 & dd The coordinate represents the dimensionless DW position,
The introduction of the two correlation lengtifs and &,,  andu the dimensionless time. Equati¢f) becomes:
usually és< &y, identifies three different regions in the pin-
ning field, depending on the scaleb of the DW displace- %:S
ments considered: dx
ds (.1 h, 1dw’ ®)
(i) Ad<Es, whereH, has a well-defined average slope; 1+ g=— P4
(i)  Es<A®<gy, whereQ~dW/dd, andH,, is well ap- dx " a adx
proximated by the WL process; 5
(i) Ad>¢,, whereH, behaves like the OU process. (dw)=0; (|dw|?)=2dXx.
Equation(5) can be conveniently rewritten in terms of the The dimensionless pinning field, depends on one param-
pinning field slopeS(®): eter only, the ratiax= £/ &, of the two correlation lengths.
Some examples of the typical behavior fnf for different
dH, —S((D) values ofa are shown in Fig. 2. In the limite—0, Eq.(8)
do 6 reduces to the equation for the OU process. The three regions
dS+ 1 1 )S 1 oo+ 1 dw’ ©) previously mentioned are now identified by the following
& & by P EsdD limits:
(dW)=0,(|dW|2) = 2AZdd/ &, . (i)  Ax<a, well-definedh,, slope;

(i) @<Ax<1,h, behaves like the WL process;
Let us now introduce the following dimensionless quantitiesiii) ~Ax>1,h, behaves like the OU process.
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B. Domain wall motion

h (x) (c>0) .- D._

In. terms of Fhe dimensionless quantities of Ed), the 1 ho (c-0) l o
equation of motion, Eq(3), becomes:

BV =hy(u) = Bx—hy(x), 9
where the parametes is defined as: )

n

B=Asa’ (10) Ne
The DW motion at constant applied field rath,/du can be F A B
studied by considering the time derivative of Ef): ' '

X ha
dv 1 dh, )
du tv—Cc=- B du’ 1D pg. 3, Let hysteresis branches as the DW moves under the action of the

external fieldh,. Solid line: counterfieldny=Bx+h,; bold line: c—0

where we have introduced the constant parameter limit of h,(x) function; dotted line: example of dynamii;(x) response at
¢>0. Right: resulting hysteresis loop, expressed in terms(bf).
1 dh,

CZEE. (12)

The parametep is related to the strength of demagne-
The parametec has an important meaning, as extensivelytizing effects. In fact;3 represents the ratio between the de-
discussed in Ref. 4. When the pinning field is a pure WLmagnetizing field¢, /Sy for a DW displacement,, and
process(i.e., whena—0 and one considers displacementsthe typical amplitude of fluctuations, over the same DW
X<1) the stationary probability densitf2o(v) of the DW  displacement. The paramet@rcontrols the average slope of
velocity v, calculated from the Fokker—Planck equation as-the total counterfielchy=8x+ hp(x) appearing in Eq(9),
sociated with Eq(11) results to be: that is the large-scale effect of the demagnetizing fields act-

ing on the DW.
Po(v)ocve e AV, (13 g

When c<1,Py(v) shows a power law divergence with an c. origin of hysteresis
exponential cutoff a3?v~1. In this regime, the DW pro- , ) .
ceeds by a random sequence of Barkhausen jumps with a Let us now discuss the mechamsm whereby hysteresis
self-similar structure, and the statistical distribution of the€Merges from the model described by E@, (9), and(11).
jumps controls the energy losses. The behavioPgfv) We will first consider the solutions of Eq&) and(11) un-
drastically changes whemcrosses the value=1: the DW der constant field rate, in the quasistatic limi>0. This
motion becomes continuous, showing small fluctuationdroPlem is analyzed in detail in Ref. 14. Here, we simply
around the mean valu@)=c. In this regime, the losses are Summarize the main features of the solution. o
dominated by large-scale DW motion and the effect of the One finds that the solution is conveniently described in
random pinning field becomes progressively negligible. Thd€ms of the functiorn,(x), that is, of the sequence of ap- -
dimensionless parametersa, and 8 introduced above fully phed field values at .WhICh the DW. reaches sub;equent posi-
characterize the DW motion. Notice that the parameter 1ONS . The behavior ofhy(x), given the profileng(x)
appears only in the pinning field equatidiig. (8)], whereas  — AX+ hp(x), is shown in Fig. 3. Let us assume that the DW
the paramete appears in the dynamic equation for DW 'S initially in a stable state, at rest €0), with h,=h,(x)
motion [Eq. (11)]. =0 and dhy/dx>0 (point A). Under increasing applied
The reversible permeability is related to the non-null ay-fi€ld, the DW representative poiri;(x) moves along the
erage slopé|s|) of the pinning field for DW displacements PranchA-B, with hy=ho. This smooth motion continues up
x<a. This description assumes the existence of a typicaf® POINtB, where the functiorn, presents a local maximum.
DW displacementx=a where reversible effects are mea- H_qe, anl|rrever5|blg jump tlakes place to the next stable po-
sured, giving rise to the reversible coefficient of the RayleighSition (Point C). During the jumph,# Bx+h, and the DW
law. Therefore, we do not discriminate between a fully re-VeloCity is given by Eq(9). Notice thatdh,/dx~0 during
versible permeability showing no losses, or a quasireversiblE'€ Jump, because the field is increasing at a very small rate
permeability due to DW motion over small energy barriersC— 0- This would be no Ipnger true under dynamlc excitation
present at any measurable scale down to very small extern§” 0- In that case, one finds that the solution takes the form
fields. of the dotted line of Fig. 3, witth,# Bx+h, at any time.
Compared to the original N picture, the present de- This sequence of jumps at the local maximahgfcon-
scription permits one to tune the relative importance of retinues until the external field is reversépoint D). Then,
versible and irreversible effects by varying the parameter under decreasing field, the DW jumps at the pinning field
in the range &< w<<1: in the limit casea=1 ((és= &), the  local minima(e.g., pointE), down to the poinf. The con-
DW loses memory of both the value and the slope of theclusion is that the functiorn,(x) is made up of distinct
pinning field beyond the same displacemgrrtl. branches connecting subsequent reversal points. By inverting
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this function in each branch, we obtain the respox($g) of X= & hﬁr (17
the DW to the applied fieldFig. 3, righ). The response

x(h,) associated with a giveny(x) profile is discontinuous  Because the OU process reduces to the WL process under
in correspondence of each Barkhausen jump. However, theémajl displacements, the result expressed by(Ef.applies
response of physical interest comes from a statistical erg|so to our model, in the limite—0 andx,,<1. This result
response(h,) over the expected ensemble of pinning field o the solution of the two-dimensional level-crossing prob-
profiles, the discontinuities disappear and the overall retem on the stochastic procelg.
sponse becomes a smooth function, as will be shown in  aAnp estimate of thex dependence od parameter of Eq.
Sec. lIl. (14) in the limit of weak demagnetizing effect@&1) can
be obtained by the following argument. <1, the total
counterfieldhy(x) = Bx+hy(x) controlling the stability of
D. Hysteresis in the Rayleigh region the system practically red_uces to the pinning _fiellg(x)
. ) ) ) ) only. Then, as suggested in Ref. 2, the calculation ofahe
A point of particular importance is the analysis of the harameter can be carried out once one knows the conditional
prope_rtles of_the model at low applied fields, in the SO'Ca”eogrobability densityg(s) that, given a state with,=0 and
Rayleigh region, where one expects the faw pinning field slopes, this is the system lowest energy state
Xm=ahy+bh?, (14)  (i.e., the demagnetized stateOne expects larger pinning
field slopes(i.e., deeper wellsto be associated with lower

to bg obeyed by the dimensionless field and magnetizatiognergy states. Thereforg(s) is expected to be an increasing
amplitudeshy, andx, of the loop traversed by the system. fnction ofs. We will assume that this function is of power-
As mentioned in the introduction, e calculated the |5y type, i.e.,g(s)xs”, with >0. Thea parameter is ob-
coefficientsa and b of the Rayleigh law assuming a saw- (ained by averaging the slope/dh,= 1/s over the probabil-
tooth-type pinning field and neglecting demagnetizing efiy gistribution given by the product of the probability
fects(i.e., B—0). He assumed that the DW was initially in densityP(s) of having a generic state with,=0 and slope

the demagnetized state, and then he classified all the possik%etimes the conditional probability density(s) that this
stable positions accessible to the DW, and the probabilitiegiate is the minimum energy state:

for the DW to be in each one of them. He was able to obtain

the Rayleigh law in the form %1
5 1, fogPs(s)g(s)ds
Xm: ; hm+ ;hm, (15) a= > . (18)
. : : : : f P<(s)g(s)ds
where the dimensionless field,, and the dimensionless 0

magnetizatiorx,, are expressed in units of the lengthanhd

the slopeP, mentioned in the introduction, respectively. ~ The distributionP4(s) can be calculated by the method dis-
When one passes from Bks model to the approach cussed in the Appendix and turns out to be equal to(&8).

discussed in the present article, analytical results on the Rayecause only the states with positiseare stable, only the

leigh law can be obtained with the aid of the Preisachs>0 part of the distribution is to be considered. By inserting

model®® In this model, hysteresis is described by the superg(s)xs” into Eq.(18), we obtain:

position of elementary square loops of variable widihrand

variable shifth,, with respect to thén,=0 axis, distributed 7

according to a weight function known as the Preisach distri- [a(a+1) F(Q)

butionp(h.,h,). A noteworthy theorefhstates that the nec- a= 2 7+l

essary and sufficient conditions under which a system can be F(—

described by the Preisach model is that two properties are 2

satisfied: the wiping-out property and the congruency prop-

erty. It has beerﬁ) sﬁov%‘fetr?at t)k:e model of ng]g. 3 o)lgepys pWe recall that thi; result applies_in the limg@<<1 only.

these two properties when the pinning field is described b)>/\/hen "'.e”".'agf?e“z'“g effects are important, theand hP .

the WL process. This means that there exists a Preisach di lope distributions are no longer the same and deviations

tribution describing the average hysteresis properties of th om the present result are expected.

system. This distribution can be calculated analytically, and For what concerns the dependencc_ecpof the b param-
turns out to be: eter of the Rayleigh law, general predictions are difficult to

work out. A rough estimate is obtained by noting that 8.

. (19

zcothz)—1 Bhe becomes, under the assumptierc1 andh,~0:
p(hc)dhc—wdz, Z—A—H. (16
Notice that the distribution depends on the fil|donly, and % =5
not onh,. By standard Preisach calculations based on Eq. dx _ (20)
(16), one finds that, in the limiBh,<1, the Rayleigh law (1+a)ssd—w

holds in the form dx
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20 T T T T 0-5 T T T T
04+ E
10r 1 0.2+ ]
0.0
x
x ¢ 0.2} 4
0.4 |- 4
-10 - 0.6 1 . L " Il I
-1.0 -0.5 0.0 0.5 1.0
h
20 L N FIG. 5. Average dynamical loops fer=0.4, 8= 10, calculated at increas-
1 2 3 ing applied field frequenciesy(=0, 4.5, 15.7, givingc=0.0.14,1). Dashed
h curves are calculated by assuming superposition of static and dynamic ef-

fects[see Eq.(26)].

FIG. 4. Average hysteresis loops far=0.01, 3=0.1, c=0. The dashed
line has slope P.

introduction, equal to unity. Dynamic hysteresis loops were
investigated by numerical integration of E§) over discrete

This amounts to having a WL pinning field with the renor- ime stepsAu. The initial DW condition was the same as
malized parameteA,—A, /(1+a). Therefore, one con- before. A sinusoidal field wave form of amplitudg, was

cludes from Eq(17) that: then applied. In analogy to E¢Ll2), a generalized parameter
c was introduced, equal to the ratio between the average field

b= 3(1+a)% (21 rate in the loop and the parametgr This parameter was
used to measure the importance of dynamic effects. Time

1Il. COMPUTER SIMULATIONS integration of Eq.(9) was continued until any transient re-

lated to the initial DW position disappeared and a periodic
regime was attained. The DW velocity(u) was then inte-

In order to numerically investigate equations E¢®). grated to gek(u) and the corresponding dynamic loop was
and (9), a statistical ensemble of pinning field profiles wasobtained by plotting«(u) as a function oh,(u). Here again,
generated through the integration of E&) over discrete the result was averaged over a statistical ensemble of
stepsAx, randomly extracting at each step the corresponding x 10° pinning field profiles(see Fig. 5 for an example
incrementAw of the WL process from a Gaussian distribu- By varying the set of parametefg, 3,c}, together with
tion with variance(|Aw|?)=2Ax. To correctly discretize the maximum field amplitudé,,, one can explore a wide
the fine structure ofi,(x), the minimum ste@\x used in the  range of different situations. The essential statistical aspects
generation of the field was kept in the ranj&<« (typi-  of the pinning field and, in particular, the role of reversible
cally Ax=102a). Given a particular pinning field profile effects are controlled by the parameter(see Fig. 2 To
h,(x), the corresponding hysteretic response of the systerstudy this aspect, various values®fvere considered in the
was generated by two different methods, depending omange G< a<1. The parametes, which measures the impor-
whether static or dynamic properties were to be investigatedance of demagnetizing effects, was chosen small enough to
In the static case, the DW was initially placed in the globalhave a negligible influence on the DW behavior at low fields
minimum of the system free energy, calculated as the intetRayleigh region More precisely, we see from E¢P) that
gral of the pinning field. Then, the applied field was cycledthe large-scale susceptibility of the systenxjs/h,,~ 1/8.
between= h,, and the functiorh,(x) was generated by the Because, as we shall see shortly, in the Rayleigh region the
method discussed in Sec. IIC, that is, by takihg(x) susceptibilityx,,/h, is of the order of unity3 was set equal
=hg(x) if dhg/dx>0, and by jumping to another stable pin- to 0.1 in all the static simulations, which ensures that the
ning field branch whenever dny(x) extremum was encoun- demagnetizing field susceptibility 2= 10 is certainly much
tered. Theh,(x) loop thus obtained was then inverted, to getlarger than the Rayleigh law susceptibility. In addition, this
the functionx(h,). The final average hysteresis loop waschoice will permit us to compare the simulations with the
obtained by repeating this procedure over a statistical ertheoretical results discussed in Sec. IID, which are valid
semble of 5<10° pinning field profiles, and by taking the only in the limit 3<1. In the dynamical simulationg was
average of the ensuing individua(h,) functions. A typical instead set tg8= 10, with the aim to observe the dynamical
result is shown in Fig. 4. The static study was extended t@ffects on loops showing important magnetostatic contribu-
pinning fields generated according toelle prescription, in  tions.
order to test the numerical procedure against the analytical Finally, the parametec was varied in the range
results known for this case. ks pinning field was normal- =0-5 to investigate dynamic effects on hysteresis loops
ized by taking the parameterd 2nd Py, mentioned in the (Fig. 5).

A. Numerical aspects and choice of parameters
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10 . S A T where demagnetizing effects become dominant and the sus-
\Bx =1 o= ceptibility gradually approaches the limit value,/h,,

° =1/B. From the physical viewpoint, one would expect the
presence of a fourth region, in which the system approaches
saturation anc,,/h,, accordingly follows a law of the type
Xm/hmee Ly, This region is not present because our model
describes the indefinite motion of a DW in a pinning field
landscape characterized by large-scale spatial stationarity, a
situation in which saturation effects do not appear at all.

It is clear from Fig. 6 that the extension of region B
depends on the choice made f@rRegion B is well defined
if B<1, but tends to disappear whegr1. This is theg
value at which demagnetizing effects become so important
that they start affecting even the low-field response of the
system in the Rayleigh region.
FIG. 6. The permeability rati®,, /h,, as a function of the applied field,, The low-field magnification of Fig. 6 shows that the

for different pinning fields. The label N indicates simulation results ob- _; : X _ ; _
tained using Nel's saw-tooth pinning fieldsee the tejt The Rayleigh simulations of the Nel anda=0 cases are in gOOd agree

parametea andb are obtained by a linear fit in the regiér{x,<1). Inthe ~ Ment with th? analytigal pred_iCtions given b_Y_ E@s5 and
inset an enlargement of the Rayleigh region A is presented, where it i§17), respectively. This confirms the reliability of the nu-

shown the linear fit ah,,=0 giving theb parameter value. merical analysis and the importance of having analytically
solvable test cases. A complete analytical treatment of the
problem would naturally yield analytical expressions for the
(a,b) Rayleigh parameters of Fig. 7. At present, we do not
In Fig. 6 we report our computer simulation results foryet have such general solution. According to the general
the static susceptibilit,/h,, as a function of the applied method proposed in Refs. 14 and 15, this solution should be
field amplitudeh,,,, for some typical values ofr (see also worked out by solving the so-called exit problem for the
Fig. 2. Three distinct regions, A, B, and C, can be identifiedtwo-dimensional Markovian procegb,(x),s(x) ]. Nonethe-
in the figure, delimited by the curves,=1 andBx,=1.In less, some conclusions can already be reached by means of
region A, the typical DW displacements involved are smallerEq. (19). The comparison with simulation results of Fig. 7
than the&y, correlation length and the corresponding pinningshows that one obtains a satisfactory agreement by imposing
field variations approximately follow the WL statistics. This =2 in Eq.(19), which gives

is the region where the Rayleigh law holds. Tiagb) Ray- \/m
a=\/———.
o

B. Static loops

leigh parameters were determined by a linear fit of the
Xm/hp, curve in this regior(see Fig. 6 insegt Figure 7 shows
the (a,b) dependence on thus obtained. In region B, where The law g(s)xs? differs from the one proposed in Ref. 2,
1<Xy<1/B, the pinning field experienced by the DW fol- which was linear irs. The next step should be the derivation
lows the OU statistics. At the same time, demagnetizing efof the exponent; by rigorous statistical arguments applied to
fects are not yet important. The result is that the susceptibilthe procesé,(x) and its integral. Notice that E422) gives
ity deviates from the Rayleigh law and starts increasing moreyn a value identical to Nel's one,a=(2/7)%?, when o?

rapidly. Finally, region C, in whictx,,>1/8, is the region  +4=1, that is,a=(/5—1)/2=0.62.

(22

2.5 C. Dynamic loops
The model we described is intrinsically dynamical, as
2.0 . previously reported: many results have been obtained by a
£ O comparison with experimental measurements of Barkhausen
‘g 15 effect! The study of the hysteresis loop behavior at increas-
] ing frequency led to the conclusitirthat the loss separation
a ° A law is valid: the dynamic losses exhibit the well known lin-
S 1.01 A — ear dependence on frequency of the classical losses:
(]
Eos] . ° / (W=Wo)/32 = 7Bw. (23
/ The loss separation law is an additive law regarding the loop
. area only. We found that in our model a more strict condition
0.04 ' VY ‘ ' holds, named field separation | The hysteresis | t
0.0 0.2 0.4 06 0.8 1.0 , paration law. The hysteresis loop a
frequencyw is given by a sum of two loopéwith the sum
o performed over the fields at given magnetizatiovith the
FIG. 7. Rayleigh parameters value, as a functiomoTriangles:a param- ~ Same peak magnetization. The first is the static loop, ob-
eter: squaresh parameter; black linea(«) law from Eq.(22). tained in thec—0 limit, while the second is the dynamical
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IV. CONCLUSIONS

A general stochastic theory of the dynamics of a DW
moving in a random energy profile has been presented, pro-
viding a unified description of both static and dynamic hys-
teresis, as well as the fine structure of the hysteresis loops.

The motion equation we introduced describes the DW
motion with the balance between the applied field and a
counterfield depending on demagnetizing effects and inner
disorder.

The basic assumption of the model is the description of
the energy landscape as a superposition of the demagnetizing
contribution, linear in the DW position, and pinning field
FIG. 8. The field o law. Solid link: b thick fine: contribution, random function of the DW position. The
Bx.'Tr'le tr?rels prsoecpeasrsaelsr;ng;lt\:léte?jlarler? gggic groceg(sxzf\’/ithl(;inl:iﬁg fielmathematlcal pro_pertles of the plnnln_g field are defined _'[0
(dotted ling: dynamical process without pinning fieldlashed ling dy- obtain a stochastic process characterized by two correlation
namical process with pinning fiel@ilot-dashed line The fieldh, is given  lengthség and &, . For DW displacements lower thai the
by ho=hs+ho. process shows a defined average slope, while for DW dis-

placements higher tha&, the process is stationary. This

description of the energy landscape, although it possesses a

structure richer than similar models, does not allow an easy
loop obtained at frequency with zero pinning field. We analytical solution. Among the results we obtained, we have
find therefore that in our model there is a complete decouto mention the probability distributions of the pinning field
pling of the dissipation effects due to the presence of theand pinning field slope, described in the Appendix.

pinning field (inner disorder and to the dynamics. We numerically integrated the motion equation to calcu-
Considering Eq(9) in the limit of zero pinning field: late the hysteresis loops in various conditions, both at high
and low peak field valueRayleigh regioh, in quasistatic or
dx/du~h,/B—x. (24) dynamic conditions.

In the low applied field region we found that the Ray-
We can solve it for a sinusoidal input and a sinusoidal outpul€i9h 1aw is followed, with coefficienta andb depending on
with a given phase lag: the stochastic properties of the pinning field.eNéound the
same law for his model, but with constamtindb values. In
the high applied field region, the loop shape changes from
(25)  the parabolical shape to a more rectangular shape, as a con-
sequence of the demagnetizing term. This effect remains
present at higher field values, since in the present approach
wherex,=hp/(BV1+0%) and tanp=w. We must remem-  saturation effects have yet to be included. The clear differ-
ber that Eq(25) will represent just the dynamical component entiation between these two regions is an important feature
of the hysteresis b_ehavior, having ne_glected t_he pinning fielg this model. The transition between the two regions be-
term. Therefore, in the representation of Fig. 3 we haveomes less clear as the demagnetizing effects are enhanced,
ho(x) = Bx, and Eq.(25) shows how the process,(x), de- increasing the value g8,
fined .by hfa(x)= ho(x) at zero frequency, is modified at in- The investigation of the model behavior in the dynamic
Crea\f\llg%err?f?eudeg? )c/i.ifferent frequenciébig. 5) that the loop regime was performed by simulqtion of the hysteresi; loops
and calculation of the hysteresis losses at increasing fre-

at frequencyw and peak magnetizati can be obtained . .
by thg sumyof Wo Fl)oops witgh peak cr):};gnetizatim,g' the  duency. This study showed that the model hysteresis loops
X display many features common to real materials loops.

static loop &,hs), and the dynamical loopx(hp) given by ) .
- _ Among these features we have to mention the increase of the
Eq. (25), at frequencyw, and peak fielch,,=XB81+ w?. : ) , :
a. (29 quencye P m=XmAV1t © loop width (coercive field with frequency, as well as the

The result of the sum is given by hgs+hp), as can be . ; - ,
observed in Fig. 8 where the sum process is shown. ThBrogressive rounding of the loop vertices. A property of this

results are shown in Fig. 5 for two different frequencies:mOdel that can be easily verified is the losses separation law,

solid lines are the simulation results of Eq8) and (11), with the dynamic loss increasing linearly with frequency. We
while the dashed lines indicate the loops given yhg also numerically verified a stronger property, the field sepa-
+hp). ration law: the hysteresis loop can be decoupled in the sum
We can conclude that in our model the dynamical effectgf two loops: a static hysteresis loop, and a dynamic hyster-
are separated at the level of the fields. The solution of thesis loop in the zero pinning field limit. This feature shows
motion equations can be expressed in the forné+ hp), that in our model there is a complete decoupling of the dis-
wherehyg is the static field, andhy is the dynamical field. sipation effects due to the pinning field and to the dynamics.

h,=h,cogwu),
X=Xy, CO{ wU— @),
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APPENDIX: PINNING FIELD AMPLITUDE These are Gaussian distributions of zero mean and variance:
DISTRIBUTION
The joint probability distributiorP(s,h) of the pinning o§= Nala+l)], (A5)

field h, and of the slopes described by Eq(8) can be cal-
culated through the corresponding Fokker—Planck

equation*?17:18 oh=1Ua+1). (A6)
EZ i<£hpP) _ i( —l1+ E)SP) _ i(sP) The widths of the distributions are uniquely determined by
X dsla s 2% h the parameter.
(1
+ °F ?P . (A1)
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