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Stochastic model for magnetic hysteresis
A. Magni,a) C. Beatrice, G. Durin, and G. Bertotti
Instituto Elettrotecnico Nazionale Galileo Ferraris, C.so M. d’Azeglio 42, I-10125 Torino, Italy

~Received 28 April 1999; accepted for publication 19 June 1999!

A model of ferromagnetic hysteresis is presented, in which the different microscopic magnetization
processes are reduced to the motion of a single domain wall in a random energy landscape. The
equivalent pinning field acting on the domain wall is assumed to be a space-dependent stochastic
process described by a set of coupled Langevin-type equations. The model is inspired by the one
proposed by Ne´el for the description of hysteresis in the Rayleigh region, but it is more general, as
it predicts both the static and the dynamic hysteresis loops, as well as their fine structure
~Barkhausen effect!. The model properties were investigated by computer simulations. In the low
field limit, the Rayleigh law is verified, with coefficients depending on the stochastic properties of
the pinning field, whereas at high fields the loop behavior is dominated by demagnetizing fields. The
results obtained for the energy losses show that the separation of losses into the hysteresis and the
dynamic components is a general property of this model. Furthermore, we numerically verified that
in our model there is a complete decoupling of the dissipation effects due to the presence of the
pinning field~inner disorder! and to the dynamics of the domain wall. ©1999 American Institute
of Physics.@S0021-8979~99!09018-0#
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I. INTRODUCTION

Ferromagnetic hysteresis and the Barkhausen effect~BE!
are mainly related to the irreversible stochastic motion
magnetic domain walls~DWs! during the magnetization pro
cess. The intrinsically random nature of DW motion is t
consequence of pinning processes caused by lattice def
inclusions, or interactions between different walls. Magne
and thermal treatments, applied stresses, and many othe
tors may affect the statistical properties of the pinni
sources. A detailed description of the various microsco
magnetization processes, and of the related hysteretic be
ior, still remains a very difficult task. In the past, seve
authors addressed this problem using different approa
and simplifications. Among them, a key role is still play
by the model proposed by Nee´l:1 the complex pattern o
domains is replaced by a single DW moving in a rand
energy landscape which takes into account all the rand
interactions of the wall with the surrounding medium. Th
approach was generalized by Pfeffer, Reininger, a
Kronmüller,2,3 and by Alessandroet al.4–7 The development
of these kinds of models seem promising also in connec
with other phenomenological descriptions of hystere
widely used in the literature, in particular the Preisa
model.5,8

Néel1 introduced the concept of random energy lan
scape to give an explanation of the Rayleigh law on a sta
tical basis. He considered the displacement of a single
and he assumed that the energy of the system, once
pressed as a function of the wall position, fluctuates aroun
constant mean value and represents the random energy
file experienced by the DW during the motion. Ne´el modeled
this complex energy profile by a sequence of equispa

a!Electronic mail: magni@omega.ien.it
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parabolic arcs, which means that the energy gradient, i.e.
pinning field, is a polygonal line made of segments of ra
dom slope. Two constants describe this field: the distancel
between adjacent points of the sequence and the widthP0 of
the Gaussian distribution of the slopes. For DW displa
ments lower than 2l , the DW moves reversibly, wherea
larger displacements lead to irreversible jumps. The dista
2l represents the distance beyond which the memory of b
the amplitude and the slope of the pinning field are eras
The parameters of the Rayleigh law found with this meth
are directly related to the (2l ,P0) constants.

The approach developed by Pfeffer2 and Kronmu¨ller
et al.,3 is a generalization of Ne´el’s model, in which the pin-
ning field results from the random superposition of the int
action forces of the DW with defects. In this model, th
pinning field is fully described by three parameters: its av
age fluctuation wave length~similar to distance 2l previously
mentioned!, its average value, and the average value of
maxima. Assuming the field to be Gaussian distributed,
dependence of the coercive field and of the Rayleigh coe
cients on the defect density are calculated, together with
amplitude and slope distributions of the pinning field.

In the model of Alessandroet al. ~ABBM !,4–7 the pin-
ning field description is further generalized to construc
stochastic equation for the DW motion, in order to expla
the main characteristics of the Barkhausen effect. The eq
tion is inspired by a previous work of Williams, Shockle
and Kittel9 who experimentally studied the motion of
single DW in the case of a picture-frame single crystal
silicon iron. The DW motion is governed by eddy curre
damping, resulting in a linear relation between the aver
DW velocity ^vDW& and the net magnetic field acting on th
DW, resulting from the difference between the external a
plied field Ha and an appropriate threshold fieldH0 :
3 © 1999 American Institute of Physics
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3254 J. Appl. Phys., Vol. 86, No. 6, 15 September 1999 Magni et al.
^vdw&}Ha2H0 . ~1!

H0 includes counterfields of various origin, like geometr
dependent demagnetizing fields, short–scale interact
with pinning centers, and long–scale DW–DW interactio

The ABBM model generalizes Eq.~1!, assuming that no
only the average DW velocity, but also the instantaneous
is described by an equation with the same structure, i.e.

vDW}Ha2~Hdem1Hp!, ~2!

where the geometry-dependent demagnetizing compo
Hdem is separated from the random componentHp , which
includes all short-scale sources of counterfields. The pinn
field Hp is then assumed to be a Brownian function of t
DW position, as suggested by earlier experiments.10 An ap-
pealing characteristic of this model is that the equation
DW motion under constant applied field rateḢa can be ana-
lytically solved, so that, for instance, the probability dist
bution of the DW velocityP0(vDW) can be calculated an
directly compared with experiments. The distributio
P0(vDW) depends on a single dimensionless parametec,
proportional toḢa , and gives a clear and simple explanati
of the qualitative change in the character of DW motion u
der increasing field rate, that is, distinct Barkhausen jum
widely distributed in duration and size, at low rates, a
continuous motion, with nearly Gaussian fluctuations arou
the average value, at high rates. This theory was success
applied to the description of various soft magnetic materi
both crystalline and amorphous, and was able to explain
scaling and fractal properties of the Barkhausen effect.7

The goal of the present article is the extension of
ABBM approach to the description of hysteresis~Rayleigh
law, hysteresis losses! under static and dynamic excitation
starting from the results presented in Refs. 6 and 11.
article is organized as follows. We first present the ma
drawbacks of the ABBM model when it is applied to th
description of hysteresis, i.e., the nonstationarity of the p
ning field and the lack of a definition of the reversible su
ceptibility at low fields~Sec. II!. Then we discuss an exten
sion of the original ABBM equation, where these difficultie
are overcome by the introduction of two characteristic sca
in the stochastic pinning field, one setting the scale of rev
ible DW motion and the other one setting the spatial scale
stationarity in pinning field variations. Then we investiga
the static and dynamic behavior of the model by compu
simulations~Sec. III!. Under low applied fields, the Rayleig
law is obtained, with coefficients depending on the stocha
properties of the pinning field. This result generalizes Ne´el’s
prediction, as it involves a pinning field of more general a
richer structure. In the high field limit, the hysteresis lo
attains a well-defined limit slope controlled by demagne
ing effects. Finally, we describe the results in the dynam
regime, showing that the separation of losses into hyster
and dynamic component is a general property of the mo

II. MODEL DESCRIPTION

We assume a single planar 180° DW moving acros
metallic slab of thicknessd and cross-sectionS. The DW
position is proportional to the magnetic fluxF. In this single-
Downloaded 08 Feb 2010 to 193.204.114.65. Redistribution subject to AI
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degree-of-freedom model, any internal degree of freedom
lated to flexibility~bowing! of the wall is neglected. The DW
velocity vDW is the same for every point of the wall and
directly proportional to the magnetic flux rate of changeḞ
52d Is vDW , whereI S is the saturation magnetization of th
material. Other magnetization mechanisms, like rotations
the magnetization inside magnetic domains, or genera
and annihilation of DWs, are not taken into account. Clea
the model cannot describe the approach to saturation,
only the low magnetization region around the coercive fi
Ha . The starting point for the model is Eq.~2!. The applied
field is a known function of time, whereas the geomet
dependent demagnetizing fieldHdem and the random pinning
field Hp are assumed to be functions of the DW position, th
is, of the total fluxF. Under suitable approximations,4 the
equation takes the form

sGḞ5Ha~ l !2
F

Sm
2Hp~F!, ~3!

wheres is the electric conductivity of the material, andm the
permeability due to demagnetizing effects. The dimensi
less coefficientG takes the valueG5(4/p3)(

odd
(1/k3)

50.13564 when one considers a wide slab (S@d2). In Eq.
~3!, the demagnetizing fieldHdem is assumed to be propor
tional to the fluxF. This linear dependence implies a par
bolic contribution to the free energy of the systemFdem

1Fp , as depicted in Fig. 1.

A. The pinning field

As mentioned before, in the ABBM model the rando
pinning field Hp(F) has been chosen to be a Brownia
@Wiener–Lèvy ~WL!# processW(F) on the variableF. The
WL process12 is characterized by independent increme
dW, with ^dW&50 and^udWu2&}dF. Its sample functions
are continuous but nowhere differentiable. Therefore, stric

FIG. 1. Free energyF5Fdem1Fp and its derivativedF/dF5Hdem1Hp ,
plotted as a function of magnetic flux.
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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3255J. Appl. Phys., Vol. 86, No. 6, 15 September 1999 Magni et al.
speaking the derivative ofW(F) has no meaning. Howeve
given the fact thatW(F) is the integral of the Gaussia
white noise processn(F),12 one often uses the formal nota
tion dW/dF to indicaten(F).

The ABBM model is appropriate to the description
the Barkhausen effect. However, the nonstationarity and
nondifferentiability of the WL process prevent its straightfo
ward application to the description of hysteresis. To ov
come this difficulty, a first step has been to pass from the
process to the Ornstein–Uhlenbeck~OU! process,12 where
spatial stationarity is controlled by a convenient correlat
lengthjH :13

dHp

dF
1

Hp

jH
5

dW

dF
,

~4!
^dW&50,^udWu2&52AH

2 dF/jH .

The pinning fieldHp is stationary for large displacemen
F@jH , whereas it keeps on having the characteristics of
WL process at shorter scales. In the normalization ofW(F),
we have introduced the parameterAH , which has the dimen-
sions of a field and directly controls the amplitude ofHp

fluctuations. In fact, one finds by standard calculations~see
the Appendix! that the stationaryHp amplitude distribution
associated with Eq.~4! is P0(Hp)}exp(2Hp

2/2AH
2 ).

However, this generalization did not eliminate the diffe
entiability problem, because the pinning field slopedHp /dF
still has no precise meaning, asW(F) is not differentiable at
any point. In analogy with Eq.~4! this difficulty has been
resolved5,11by adding an equation for the pinning field slop
in which a second correlation lengthjS ensures that, forF
!jS , the average pinning field slope is well defined. T
pinning field is then described by the following set of st
chastic differential equations:

H dHp

dF
1

Hp

jH
5Q~F!

dQ

dF
1

Q

jS
5

1

js

dW

dF

. ~5!

The introduction of the two correlation lengthsjS and jH ,
usuallyjS,jH , identifies three different regions in the pin
ning field, depending on the scaleDF of the DW displace-
ments considered:

~i! DF,jS , whereHp has a well-defined average slop
~ii ! jS,DF,jH , whereQ'dW/dF, andHp is well ap-

proximated by the WL process;
~iii ! DF.jH , whereHp behaves like the OU process.

Equation~5! can be conveniently rewritten in terms of th
pinning field slopeS(F):

H dHp

dF
5S~F!,

dS

dF
1S 1

jS
1

1

jH
DS52

1

jSjH
Hp1

1

jS

dW

dF

, ~6!

^dW&50,^udWu2&52AH
2 dF/jH .

Let us now introduce the following dimensionless quantiti
Downloaded 08 Feb 2010 to 193.204.114.65. Redistribution subject to AI
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u5t/t with t5sGSm,

x5F/jH ,
~7!

v5
dx

du
5t

Ḟ

jH
,

ha5
Ha

AH
, hp5

Hp

AH
, w5

W

AH
, s5jH

S

AH
.

The coordinatex represents the dimensionless DW positio
andu the dimensionless time. Equation~6! becomes:

H dhp

dx
5s,

ds

dx
1S 11

1

a D s52
hp

a
1

1

a

dw

dx

, ~8!

^dw&50; ^udwu2&52dx.

The dimensionless pinning fieldhp depends on one param
eter only, the ratioa5jS /jH of the two correlation lengths
Some examples of the typical behavior ofhp for different
values ofa are shown in Fig. 2. In the limita˜0, Eq. ~8!
reduces to the equation for the OU process. The three reg
previously mentioned are now identified by the followin
limits:

~i! Dx,a, well-definedhp slope;
~ii ! a,Dx,1,hp behaves like the WL process;
~iii ! Dx.1,hp behaves like the OU process.

FIG. 2. Examples of pinning field profiles generated by numerical integ
tion of Eq. ~8!. The hp fluctuations become more pronounced over sm
displacements by decreasing the ratioa.
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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B. Domain wall motion

In terms of the dimensionless quantities of Eq.~7!, the
equation of motion, Eq.~3!, becomes:

bv5ha~u!2bx2hp~x!, ~9!

where the parameterb is defined as:

b5
jH

AHSm
. ~10!

The DW motion at constant applied field ratedha /du can be
studied by considering the time derivative of Eq.~9!:

dv
du

1v2c52
1

b

dhp

du
, ~11!

where we have introduced the constant parameterc:

c5
1

b

dha

du
. ~12!

The parameterc has an important meaning, as extensive
discussed in Ref. 4. When the pinning field is a pure W
process~i.e., whena˜0 and one considers displacemen
x!1) the stationary probability density.P0(v) of the DW
velocity v, calculated from the Fokker–Planck equation a
sociated with Eq.~11! results to be:

P0~v !}vc21e2b2v. ~13!

When c,1,P0(v) shows a power law divergence with a
exponential cutoff atb2v;1. In this regime, the DW pro-
ceeds by a random sequence of Barkhausen jumps w
self-similar structure, and the statistical distribution of t
jumps controls the energy losses. The behavior ofP0(v)
drastically changes whenc crosses the valuec51: the DW
motion becomes continuous, showing small fluctuatio
around the mean valuêv&5c. In this regime, the losses ar
dominated by large-scale DW motion and the effect of
random pinning field becomes progressively negligible. T
dimensionless parametersc, a, andb introduced above fully
characterize the DW motion. Notice that the parametea
appears only in the pinning field equations@Eq. ~8!#, whereas
the parameterb appears in the dynamic equation for DW
motion @Eq. ~11!#.

The reversible permeability is related to the non-null a
erage slopêusu& of the pinning field for DW displacement
x!a. This description assumes the existence of a typ
DW displacementx5a where reversible effects are me
sured, giving rise to the reversible coefficient of the Rayle
law. Therefore, we do not discriminate between a fully
versible permeability showing no losses, or a quasirevers
permeability due to DW motion over small energy barrie
present at any measurable scale down to very small exte
fields.

Compared to the original Ne´el picture, the present de
scription permits one to tune the relative importance of
versible and irreversible effects by varying the parametea
in the range 0,a,1: in the limit casea51 (jS5jH), the
DW loses memory of both the value and the slope of
pinning field beyond the same displacementx51.
Downloaded 08 Feb 2010 to 193.204.114.65. Redistribution subject to AI
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The parameterb is related to the strength of demagn
tizing effects. In fact,b represents the ratio between the d
magnetizing fieldjH /Sm for a DW displacementjH , and
the typical amplitude of fluctuationsAH over the same DW
displacement. The parameterb controls the average slope o
the total counterfieldh05bx1hp(x) appearing in Eq.~9!,
that is the large-scale effect of the demagnetizing fields
ing on the DW.

C. Origin of hysteresis

Let us now discuss the mechanism whereby hyster
emerges from the model described by Eqs.~8!, ~9!, and~11!.
We will first consider the solutions of Eqs.~9! and ~11! un-
der constant field rate, in the quasistatic limitc˜0. This
problem is analyzed in detail in Ref. 14. Here, we simp
summarize the main features of the solution.

One finds that the solution is conveniently described
terms of the functionha(x), that is, of the sequence of ap
plied field values at which the DW reaches subsequent p
tions x. The behavior ofha(x), given the profileh0(x)
5bx1hp(x), is shown in Fig. 3. Let us assume that the D
is initially in a stable state, at rest (v50), with ha5ha(x)
50 and dh0 /dx.0 ~point A!. Under increasing applied
field, the DW representative pointha(x) moves along the
branchA-B, with ha5h0 . This smooth motion continues u
to pointB, where the functionh0 presents a local maximum
Here, an irreversible jump takes place to the next stable
sition ~point C!. During the jumphaÞbx1hp and the DW
velocity is given by Eq.~9!. Notice thatdha /dx'0 during
the jump, because the field is increasing at a very small
c˜0. This would be no longer true under dynamic excitati
c.0. In that case, one finds that the solution takes the fo
of the dotted line of Fig. 3, withhaÞbx1hp at any time.

This sequence of jumps at the local maxima ofh0 con-
tinues until the external field is reversed~point D!. Then,
under decreasing field, the DW jumps at the pinning fie
local minima~e.g., pointE!, down to the pointF. The con-
clusion is that the functionha(x) is made up of distinct
branches connecting subsequent reversal points. By inve

FIG. 3. Left: hysteresis branches as the DW moves under the action o
external fieldha . Solid line: counterfieldh05bx1hp ; bold line: c˜0
limit of ha(x) function; dotted line: example of dynamicha(x) response at
c.0. Right: resulting hysteresis loop, expressed in terms ofx(ha).
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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3257J. Appl. Phys., Vol. 86, No. 6, 15 September 1999 Magni et al.
this function in each branch, we obtain the responsex(ha) of
the DW to the applied field~Fig. 3, right!. The response
x(ha) associated with a givenh0(x) profile is discontinuous
in correspondence of each Barkhausen jump. However,
response of physical interest comes from a statistical
semble of these individual contributions. By averaging
responsex(ha) over the expected ensemble of pinning fie
profiles, the discontinuities disappear and the overall
sponse becomes a smooth function, as will be shown
Sec. III.

D. Hysteresis in the Rayleigh region

A point of particular importance is the analysis of th
properties of the model at low applied fields, in the so-cal
Rayleigh region, where one expects the law1

xm5ahm1bhm
2 ~14!

to be obeyed by the dimensionless field and magnetiza
amplitudeshm andxm of the loop traversed by the system

As mentioned in the introduction, Ne´el calculated the
coefficientsa and b of the Rayleigh law assuming a saw
tooth-type pinning field and neglecting demagnetizing
fects ~i.e., b˜0). He assumed that the DW was initially i
the demagnetized state, and then he classified all the pos
stable positions accessible to the DW, and the probabili
for the DW to be in each one of them. He was able to obt
the Rayleigh law in the form

xm5A2

p
•hm1

1

p
hm

2 , ~15!

where the dimensionless fieldhm and the dimensionles
magnetizationxm are expressed in units of the length 2l and
the slopeP0 mentioned in the introduction, respectively.

When one passes from Ne´el’s model to the approach
discussed in the present article, analytical results on the R
leigh law can be obtained with the aid of the Preisa
model.5,8 In this model, hysteresis is described by the sup
position of elementary square loops of variable widthha and
variable shifthu with respect to theha50 axis, distributed
according to a weight function known as the Preisach dis
bution p(hc ,ha). A noteworthy theorem8 states that the nec
essary and sufficient conditions under which a system ca
described by the Preisach model is that two properties
satisfied: the wiping-out property and the congruency pr
erty. It has been shown14–16 that the model of Fig. 3 obey
these two properties when the pinning field is described
the WL process. This means that there exists a Preisach
tribution describing the average hysteresis properties of
system. This distribution can be calculated analytically, a
turns out to be:

p~hc!dhc5
z coth~z!21

sinh2~z!
dz; z5

bhc

AH
. ~16!

Notice that the distribution depends on the fieldhc only, and
not on hu . By standard Preisach calculations based on
~16!, one finds that, in the limitbhm!1, the Rayleigh law
holds in the form
Downloaded 08 Feb 2010 to 193.204.114.65. Redistribution subject to AI
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xm5 1
3 hm

2 . ~17!

Because the OU process reduces to the WL process u
small displacements, the result expressed by Eq.~17! applies
also to our model, in the limita˜0 andxm!1. This result
has been corroborated by an independent calculation14 based
on the solution of the two-dimensional level-crossing pro
lem on the stochastic processh0 .

An estimate of thea dependence ofa parameter of Eq.
~14! in the limit of weak demagnetizing effects (b!1) can
be obtained by the following argument. Ifb!1, the total
counterfieldh0(x)5bx1hp(x) controlling the stability of
the system practically reduces to the pinning fieldhp(x)
only. Then, as suggested in Ref. 2, the calculation of tha
parameter can be carried out once one knows the conditi
probability densityg(s) that, given a state withhp50 and
pinning field slopes, this is the system lowest energy sta
~i.e., the demagnetized state!. One expects larger pinning
field slopes~i.e., deeper wells! to be associated with lowe
energy states. Therefore,g(s) is expected to be an increasin
function ofs. We will assume that this function is of powe
law type, i.e.,g(s)}sh, with h.0. Thea parameter is ob-
tained by averaging the slopedx/dhp51/s over the probabil-
ity distribution given by the product of the probabilit
densityPs(s) of having a generic state withhp50 and slope
s, times the conditional probability densityg(s) that this
state is the minimum energy state:

a5

E
0

` 1

s
Ps~s!g~s!ds

E
0

`

Ps~s!g~s!ds

. ~18!

The distributionPs(s) can be calculated by the method di
cussed in the Appendix and turns out to be equal to Eq.~A3!.
Because only the states with positives are stable, only the
s.0 part of the distribution is to be considered. By inserti
g(s)}sh into Eq. ~18!, we obtain:

a5Aa~a11!

2

GS h

2 D
GS h11

2 D . ~19!

We recall that this result applies in the limitb!1 only.
When demagnetizing effects are important, theh0 and hp

slope distributions are no longer the same and deviati
from the present result are expected.

For what concerns the dependence ona of theb param-
eter of the Rayleigh law, general predictions are difficult
work out. A rough estimate is obtained by noting that Eq.~8!
becomes, under the assumptiona!1 andhp'0:

H dhp

dx
5s

~11a!s>
dw

dx

. ~20!
P license or copyright; see http://jap.aip.org/jap/copyright.jsp



r-
-

as

in
u-

te
o

te
a
t

ed
e

-
-
e

as
e

e

t

tic

re

s

r
field

ime
-

dic

as

of

ects
le

-
h to
lds

the

the

is
he
lid

al
bu-

ps

-

c ef-

3258 J. Appl. Phys., Vol. 86, No. 6, 15 September 1999 Magni et al.
This amounts to having a WL pinning field with the reno
malized parameterAH˜AH /(11a). Therefore, one con
cludes from Eq.~17! that:

b> 1
3 ~11a!2. ~21!

III. COMPUTER SIMULATIONS

A. Numerical aspects and choice of parameters

In order to numerically investigate equations Eqs.~8!
and ~9!, a statistical ensemble of pinning field profiles w
generated through the integration of Eq.~8! over discrete
stepsDx, randomly extracting at each step the correspond
incrementDw of the WL process from a Gaussian distrib
tion with variance^uDwu2&52Dx. To correctly discretize
the fine structure ofhp(x), the minimum stepDx used in the
generation of the field was kept in the rangeDx!a ~typi-
cally Dx51022a). Given a particular pinning field profile
hp(x), the corresponding hysteretic response of the sys
was generated by two different methods, depending
whether static or dynamic properties were to be investiga
In the static case, the DW was initially placed in the glob
minimum of the system free energy, calculated as the in
gral of the pinning field. Then, the applied field was cycl
between6hm and the functionha(x) was generated by th
method discussed in Sec. II C, that is, by takingha(x)
5h0(x) if dh0 /dx.0, and by jumping to another stable pin
ning field branch whenever anh0(x) extremum was encoun
tered. Theha(x) loop thus obtained was then inverted, to g
the functionx(ha). The final average hysteresis loop w
obtained by repeating this procedure over a statistical
semble of 53103 pinning field profiles, and by taking th
average of the ensuing individualx(ha) functions. A typical
result is shown in Fig. 4. The static study was extended
pinning fields generated according to Ne´el’s prescription, in
order to test the numerical procedure against the analy
results known for this case. Ne´el’s pinning field was normal-
ized by taking the parameters 2l and P0 , mentioned in the

FIG. 4. Average hysteresis loops fora50.01, b50.1, c50. The dashed
line has slope 1/b.
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introduction, equal to unity. Dynamic hysteresis loops we
investigated by numerical integration of Eq.~9! over discrete
time stepsDu. The initial DW condition was the same a
before. A sinusoidal field wave form of amplitudehm was
then applied. In analogy to Eq.~12!, a generalized paramete
c was introduced, equal to the ratio between the average
rate in the loop and the parameterb. This parameter was
used to measure the importance of dynamic effects. T
integration of Eq.~9! was continued until any transient re
lated to the initial DW position disappeared and a perio
regime was attained. The DW velocityv(u) was then inte-
grated to getx(u) and the corresponding dynamic loop w
obtained by plottingx(u) as a function ofha(u). Here again,
the result was averaged over a statistical ensemble
53103 pinning field profiles~see Fig. 5 for an example!.

By varying the set of parameters$a,b,c%, together with
the maximum field amplitudehm , one can explore a wide
range of different situations. The essential statistical asp
of the pinning field and, in particular, the role of reversib
effects are controlled by the parametera ~see Fig. 2!. To
study this aspect, various values ofa were considered in the
range 0<a<1. The parameterb, which measures the impor
tance of demagnetizing effects, was chosen small enoug
have a negligible influence on the DW behavior at low fie
~Rayleigh region!. More precisely, we see from Eq.~9! that
the large-scale susceptibility of the system isxm /hm;1/b.
Because, as we shall see shortly, in the Rayleigh region
susceptibilityxm /hm is of the order of unity,b was set equal
to 0.1 in all the static simulations, which ensures that
demagnetizing field susceptibility 1/b510 is certainly much
larger than the Rayleigh law susceptibility. In addition, th
choice will permit us to compare the simulations with t
theoretical results discussed in Sec. II D, which are va
only in the limit b!1. In the dynamical simulations,b was
instead set tob510, with the aim to observe the dynamic
effects on loops showing important magnetostatic contri
tions.

Finally, the parameterc was varied in the rangec
50 – 5 to investigate dynamic effects on hysteresis loo
~Fig. 5!.

FIG. 5. Average dynamical loops fora50.4, b510, calculated at increas
ing applied field frequencies (v50, 4.5, 15.7, givingc50.0.14,1). Dashed
curves are calculated by assuming superposition of static and dynami
fects @see Eq.~26!#.
P license or copyright; see http://jap.aip.org/jap/copyright.jsp



or

ed

lle
ng
is

th

e
l-
e

ib
or

sus-

he
hes

del
ld
ty, a

B

tant
the

e
-

-
lly
the
he
ot
ral
be
e

ns of
7
sing

,
n
to

as
y a
sen
as-
n
n-

op
on

at

ob-
l

-

it

3259J. Appl. Phys., Vol. 86, No. 6, 15 September 1999 Magni et al.
B. Static loops

In Fig. 6 we report our computer simulation results f
the static susceptibilityxm /hm as a function of the applied
field amplitudehm , for some typical values ofa ~see also
Fig. 2!. Three distinct regions, A, B, and C, can be identifi
in the figure, delimited by the curvesxm51 andbxm51. In
region A, the typical DW displacements involved are sma
than thejH correlation length and the corresponding pinni
field variations approximately follow the WL statistics. Th
is the region where the Rayleigh law holds. The~a,b! Ray-
leigh parameters were determined by a linear fit of
xm /hm curve in this region~see Fig. 6 inset!. Figure 7 shows
the ~a,b! dependence ona thus obtained. In region B, wher
1,xm,1/b, the pinning field experienced by the DW fo
lows the OU statistics. At the same time, demagnetizing
fects are not yet important. The result is that the suscept
ity deviates from the Rayleigh law and starts increasing m
rapidly. Finally, region C, in whichxm.1/b, is the region

FIG. 6. The permeability ratioxm /hm as a function of the applied fieldhm ,
for different pinning fields. The label Ne´el indicates simulation results ob
tained using Ne´el’s saw-tooth pinning field~see the text!. The Rayleigh
parametera andb are obtained by a linear fit in the regionA(xm,1). In the
inset an enlargement of the Rayleigh region A is presented, where
shown the linear fit athm50 giving theb parameter value.

FIG. 7. Rayleigh parameters value, as a function ofa. Triangles:a param-
eter: squares:b parameter; black line:a(a) law from Eq.~22!.
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where demagnetizing effects become dominant and the
ceptibility gradually approaches the limit valuexm /hm

51/b. From the physical viewpoint, one would expect t
presence of a fourth region, in which the system approac
saturation andxm /hm accordingly follows a law of the type
xm /hm}1/hm . This region is not present because our mo
describes the indefinite motion of a DW in a pinning fie
landscape characterized by large-scale spatial stationari
situation in which saturation effects do not appear at all.

It is clear from Fig. 6 that the extension of region
depends on the choice made forb. Region B is well defined
if b!1, but tends to disappear whenb;1. This is theb
value at which demagnetizing effects become so impor
that they start affecting even the low-field response of
system in the Rayleigh region.

The low-field magnification of Fig. 6 shows that th
simulations of the Ne´el anda50 cases are in good agree
ment with the analytical predictions given by Eqs.~15! and
~17!, respectively. This confirms the reliability of the nu
merical analysis and the importance of having analytica
solvable test cases. A complete analytical treatment of
problem would naturally yield analytical expressions for t
~a,b! Rayleigh parameters of Fig. 7. At present, we do n
yet have such general solution. According to the gene
method proposed in Refs. 14 and 15, this solution should
worked out by solving the so-called exit problem for th
two-dimensional Markovian process@hp(x),s(x)#. Nonethe-
less, some conclusions can already be reached by mea
Eq. ~19!. The comparison with simulation results of Fig.
shows that one obtains a satisfactory agreement by impo
h52 in Eq. ~19!, which gives

a5A2a~a11!

p
. ~22!

The law g(s)}s2 differs from the one proposed in Ref. 2
which was linear ins. The next step should be the derivatio
of the exponenth by rigorous statistical arguments applied
the processhp(x) and its integral. Notice that Eq.~22! gives
an a value identical to Ne´el’s one, a5(2/p)1/2, when a2

1a51, that is,a5(A521)/2>0.62.

C. Dynamic loops

The model we described is intrinsically dynamical,
previously reported: many results have been obtained b
comparison with experimental measurements of Barkhau
effect.7 The study of the hysteresis loop behavior at incre
ing frequency led to the conclusion11 that the loss separatio
law is valid: the dynamic losses exhibit the well known li
ear dependence on frequency of the classical losses:

~W2W0!/xm
2 5pbv. ~23!

The loss separation law is an additive law regarding the lo
area only. We found that in our model a more strict conditi
holds, named field separation law. The hysteresis loop
frequencyv is given by a sum of two loops~with the sum
performed over the fields at given magnetization! with the
same peak magnetization. The first is the static loop,
tained in thec˜0 limit, while the second is the dynamica
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loop obtained at frequencyv with zero pinning field. We
find therefore that in our model there is a complete dec
pling of the dissipation effects due to the presence of
pinning field ~inner disorder! and to the dynamics.

Considering Eq.~9! in the limit of zero pinning field:

dx/du'ha /b2x. ~24!

We can solve it for a sinusoidal input and a sinusoidal out
with a given phase lag:

Hha5hm cos~vu!,
x5xm cos~vu2w!, ~25!

wherexm5hm/(bA11v2) and tanw5v. We must remem-
ber that Eq.~25! will represent just the dynamical compone
of the hysteresis behavior, having neglected the pinning fi
term. Therefore, in the representation of Fig. 3 we ha
h0(x)5bx, and Eq.~25! shows how the processha(x), de-
fined byha(x)5h0(x) at zero frequency, is modified at in
creasing frequency.

We verified at different frequencies~Fig. 5! that the loop
at frequencyv and peak magnetizationxm can be obtained
by the sum of two loops with peak magnetizationxm : the
static loop (x,hs), and the dynamical loop (x,hD) given by
Eq. ~25!, at frequencyv, and peak fieldhm5xmbA11v2.
The result of the sum is given by (x,hS1hD), as can be
observed in Fig. 8 where the sum process is shown.
results are shown in Fig. 5 for two different frequencie
solid lines are the simulation results of Eqs.~9! and ~11!,
while the dashed lines indicate the loops given by (x,hS

1hD).
We can conclude that in our model the dynamical effe

are separated at the level of the fields. The solution of
motion equations can be expressed in the form (x,hS1hD),
wherehS is the static field, andhD is the dynamical field.

FIG. 8. The field separation law. Solid line:h0(x)5bx1hp(x); thick line:
bx. The three processes indicated are: static process with pinning
~dotted line!: dynamical process without pinning field~dashed line!: dy-
namical process with pinning field~dot-dashed line!. The fieldh0 is given
by h05hs1hD .
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IV. CONCLUSIONS

A general stochastic theory of the dynamics of a D
moving in a random energy profile has been presented,
viding a unified description of both static and dynamic hy
teresis, as well as the fine structure of the hysteresis loo

The motion equation we introduced describes the D
motion with the balance between the applied field and
counterfield depending on demagnetizing effects and in
disorder.

The basic assumption of the model is the description
the energy landscape as a superposition of the demagnet
contribution, linear in the DW position, and pinning fie
contribution, random function of the DW position. Th
mathematical properties of the pinning field are defined
obtain a stochastic process characterized by two correla
lengthsjS andjH . For DW displacements lower thanjS the
process shows a defined average slope, while for DW
placements higher thanjH the process is stationary. Thi
description of the energy landscape, although it possess
structure richer than similar models, does not allow an e
analytical solution. Among the results we obtained, we ha
to mention the probability distributions of the pinning fie
and pinning field slope, described in the Appendix.

We numerically integrated the motion equation to calc
late the hysteresis loops in various conditions, both at h
and low peak field values~Rayleigh region!, in quasistatic or
dynamic conditions.

In the low applied field region we found that the Ra
leigh law is followed, with coefficientsa andb depending on
the stochastic properties of the pinning field. Ne´el found the
same law for his model, but with constanta andb values. In
the high applied field region, the loop shape changes fr
the parabolical shape to a more rectangular shape, as a
sequence of the demagnetizing term. This effect rema
present at higher field values, since in the present appro
saturation effects have yet to be included. The clear diff
entiation between these two regions is an important fea
of this model. The transition between the two regions b
comes less clear as the demagnetizing effects are enha
increasing the value ofb.

The investigation of the model behavior in the dynam
regime was performed by simulation of the hysteresis lo
and calculation of the hysteresis losses at increasing
quency. This study showed that the model hysteresis lo
display many features common to real materials loo
Among these features we have to mention the increase o
loop width ~coercive field! with frequency, as well as the
progressive rounding of the loop vertices. A property of th
model that can be easily verified is the losses separation
with the dynamic loss increasing linearly with frequency. W
also numerically verified a stronger property, the field se
ration law: the hysteresis loop can be decoupled in the s
of two loops: a static hysteresis loop, and a dynamic hys
esis loop in the zero pinning field limit. This feature show
that in our model there is a complete decoupling of the d
sipation effects due to the pinning field and to the dynam
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APPENDIX: PINNING FIELD AMPLITUDE
DISTRIBUTION

The joint probability distributionP(s,hp) of the pinning
field hp and of the slopes described by Eq.~8! can be cal-
culated through the corresponding Fokker–Plan
equation:12,17,18

]P

]x
5

]

]s S 1

a
hpPD2

]

]s S 2S 11
1

a D sPD2
]

]hp
~sP!

1
]2

]s2 S 1

a2 PD . ~A1!

We are mainly interested in thex-independent solution valid
far away from the starting DW position. This distribution
obtained by assuming]P/]x50 in Eq. ~A1! and by solving
the resulting equation. One finds

P~s,hp!5
Aa~a11!

2p
) expS 2

a11

2
hp

2D
3expS 2

a~a11!

2
s2D . ~A2!

Notice that Eq.~A2! is simply the product of the two distri
butions forhp ands, which therefore turn out to be indepen
dent:

Ps~s!5Aa~a11!

2p
exp~2a~a11!s2/2!, ~A3!

Ph~hp!5Aa11

2p
exp~2~a11!hp

2/2!. ~A4!
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These are Gaussian distributions of zero mean and varia

ss
251/@a~a11!#, ~A5!

sh
251/~a11!. ~A6!

The widths of the distributions are uniquely determined
the parametera.
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