
Scaling aspects of domain wall dynamics and Barkhausen effect 
in ferromagnetic materials 

G. Bertotti, G. Durin, and A. Magni 
Istituto Elettrotecnico Nazionale Galileo Ferraris and GNSM-INFM, Corso hf. d ‘Azeglio 42, I-1012& 
Torino, fta{y 

It is shown through theoretical considerations on stochastic domain wall motion in a perturbed 
medium with quenched-in disorder that the Barkhausen signal u, as well as the size Ax and duration 
Au of Barkhausen jumps follow scaling distributions of the form u -(I, Ax-p, AU-~, where GY= 1 -c, 
p=3/2-c/2, y=2-c, and c is proportional to the magnetization rate. In order to test these 
predictions, Barkhausen effect experiments were performed on polycrystalline SiFe alloys. 
Preliminary experiments to determine both the absolute value and the c dependence of the measumd 
exponents are in agreement with the theoretical predictions. 

1. 1NTRODUCTION 

There have been widespread attempts in the past to de- 
scribe the most evident feature of the Barkhausen Effect 
(BE), the existence of Barkhausen jumps (BJ), in terms of 
clustering of elementary domain wall (DW) displacements 
triggered by some local instability.‘“’ More recently, there 
has been renewed interest in BE scaling properties,” and in 
their connection with so-called self-organized criticality.” 
These studies have led to experimental estimates of the scal- 
ing exponents describing the distribution of BJ size and du- 
ration, but the derivation of these exponents from physical 
models is still at a preliminary stage. 

In this paper we discuss BE scaling properties in the 
frame of the Langevin approach developed in Ref. 5, where 
the BE is associated with stochastic DW dynamics in a me- 
dium with quenched-in disorder. This description leads to 
two basic results: (i) there exists a dimensionless parameter 
c, such that the DW motion has a jerky character and pro- 
ceeds by BJs when ccl, whereas it is continuous when 
c> 1; (ii) when c<l, there exist BJs widely distributed in 
size and duration, and characterized by self-similar proper- 
ties. In this paper, we show that, in the c<l regime, the 
distributions of BJ size Ax and duration Au follow scaling 
laws of the form (AX)-p and (Ari)-r, with /3=3/2-c/2 and 
y=2-c. 

These predictions, which are in qualitative agreement 
with recent data?” were tested through BE measurements 
under controlled values of permeability and magnetization 
rate, whereby independent estimates of fl, y, and c could be 
obtained. This permitted a test of the theory with no adjust- 
able parameters. 

11. MODEL 

In Refs. 5 and 6, DW dynamics is described in terms of 
a single degree of freedom subject to viscous-like friction 
(i.e., Joule dissipation through eddy currents). This leads to 
an equation of the form uow”Nu- kx,,-H,(x,,j, where 
vow is the DW velocity, xow is the DW position, H, is the 
applied field, kxDu7 is the restoring force due to magneto- 
static effects, and H,(,row), describing DW pinning interac- 
tions, is a random function of the DW position. By taking the 
time derivative of the previous relation and by assuming, as 

is commonly the case in BE experiments, that the applied 
field increases in time at a constant rate, we obtain, in terms 
of convenient dimensionless variables [z~ for time, x and 
v = dx/dzc for the DW position and velocity, h,(s) for ap- 
plied and pinning fields], the equation 

dV Jh,, 
du f(v--cl=--&. (1.) 

Quantitative predictions are worked out by making specific 
assumptions on the random process h,(x). The properties of 
h,(x) have been experimentally investigated’ for some spe- 
cial systems containing a single active DW. It was found that 
h,(x) can be approximately described by the Wiener-Levy 
(WL,) process, i.e., h,(x) is a process with independent in- 
crements 
(jdh,\‘)=2 d-f:‘2 l 

characterized bY {dh,) =O, 
v z 14. Under this assumption, the prob- 

lem can be solved considering the Fokker-Planck equation 
for the conditional probability density P(z~,u(v~~):~ 

dP d 
au (v-c+l)P+v g =o. --- 

i au > ) (2) 

tn particular, the stationary amplitude distribution P,(v) is 
given by 

1 
‘“o=r(cj __ vcF1 exp(-r?) 

According to Eq. (3), the behavior of u(u) changes dras- 
tically when c crosses the value c = 1. Computer simulations’ 
show that, for c 4, u(u) is made of a random sequence of 
BJs widely distributed in size and duration. The power-law 
divergence in P,(-v) suggests the existence of scaling prop- 
erties in the distribution of such BJs. In order to clarify this 
point, let us consider the region v 4 1, where the v term in 
the expression (v - c + 1) of Eq. (2) is negligible and Eq. (3j 
becomes P#(v)-vc-‘. This also corresponds to neglecting 
the u term of Eq. (l), i.e., dv/du-c= -dhJdzt. This ap- 
proximate equation describes a self-similar process, because 
it is invariant with respect to a change of both L’ and u by the 
same scale factor k. In fact, when v-kv and uikzt, 
x=J-u dza-+k2x and (l&z,]‘)=2 dx~k2(ldh,l’), i.e., 
hpkh,. 

In order to apply these results to the analysis of BJ scal- 
ing properties, we need to clarify how Barkhausen jumps can 
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be detected for a self-similar process like ~(24). In fact, de- 
ciding whether the DW is jumping (u >O) or not (u ~0) de- 
pends on one’s ability to resolve fine v(n) details. This can 
be dealt with through the introducion of the resolution coef- 
ficient r%l in 24 and u estimates, i.e., by assuming that we 
are able to measure II and L’ in units 0, r. 2r,..., only, so that 
IL~O or VW whenever ZL<~’ or U<Y. (?iVen the resolution r, 
the mean BJ duration (AzL) is proportional to the probability 
that u>>r, estimated from Eq. (3). With r+l and ~41, we 
obtain 

(drr)n-Prt~b(r?>rj~l-- 
I 

trdr~ P,(z))21 -P-‘. (4) 

Let us now consider the distribution P(Au;r) of BJ dura- 
tions. Given the self-similar nature of the process, P(Au;rj 
is a function of Au/r only> of the form P(Au/r)- (Au/r) ‘T 
The resolution I’ allows us to detect jumps of minimum du- 
ration AZL-. Y. On the other hand, the characteristic relaxation 
time of Eq. (l), equal to unity, forbids jump durations Al&l. 
This means that 

fAu)fdtArrj Ao[$)%-r". 

By comparing Eqs. (4) and (5), we obtain y=2-c. 
Similar considerations can be made for the distribution 

P(A.r;r) of BJ sizes. The first point is to redefine Eq. (3) 
when we consider the probability of finding a given u value 
at a random position x rather than at a random time II. It is 
easily checked that this introduces an extra u factor in Eq. 
(3), which thus becomes P,(u)=u’ exp(-u)lI’(c+ 1). The 
mean BJ size (Ax> can he estimated from this expression in 
the same way (Lw) was estimated from Eq. (3): 

(A.++-- I“& P~~,~g=r&r~+‘. (6) 
.cl 

Since .V scales like St1 dn, the distribution P(As;r) of BJ 
sizes is a function of As/r' only, of the form 
P(AxJra)-- ('Ax/r') -/! Under the resolution r, the minimum 
detectable jump size is As-- Y’, and the cutoff at Au = 1 and 
u = 1 forbids jump sizes Ax% 1. This means that 

ccl -f-V, (7) 

By comparing Eqs. (6) and (7), we obtain p=3/2-c/2. Fi- 
nally, it is worth remarking that Eq. (3) also has a scaling 
structure, with a scaling exponent, say a: equal to l-c. In 
conclusion, we have the following result: 

DW velocity: P( u i -2~2 -II, ff= 1 -c; 

BJ size: P(Asj-(Ax)-6, p=3/2-c/2; 
BJ duration: P(Auj--(Au)e~“, y=2-C. 

III. EXPERIMENTAL RESULTS 

The BE experiments were performed on polycrystalline 
S-Fe alloys. Single strips (length 20 cm, width 1 cm, and 
thickness 0.18 mm) of 1.8 wt % S-Fe (electrical conductiv- 
ity rr-2.76X1(1” f1-l m-r) were placed in a solenoid and 

dlldt = 0.044 T/s 

FIG. 1. Time behavior of BE flux rate &. Dimensionless quantities u = t/ 
rrGSg and c, =(rrG/AS,u)@ are shown. r=O.1 is the resolution parameter 
used in the determination of BJ distributions. Definition of BJ duration Au 
and BJ size Ax is shown in the inset. 

magnetized by a triangular primary current waveform of 
variable frequency. A flux-closing NiFe yoke was used to 
reduce the reluctance of the magnetic circuit. The specimen 
was placed in a double mu-metal box and all measurements 
were performed in a shielded room in order to prevent elec- 
tromagnetic disturbances. The BE signal was detected by a 
narrow 50 turn coil placed in the middle of the strip. The 
noise analysis was restricted to a magnetization interval of 
0.3 T around the central part of the saturation hysteresis loop. 
In this region, the differential permeability p=dR/dH, is 
fairly constant, and the application of a constant external 
field rate a, gives a stationary BE process associated with 
well-defined values of p (tlllc(o=i4 300 in the present ex- 
periments) and of the magnetization rate i= ,L&~ (for a more 
complete description of the experimental setup see Ref. 5). 

According to the theory,” the dimensionless quantities 11, 
v) and x appearing in Eqs. (l j-(7) are defined as u = tl +r, 
u=(crG/ASp)@, x=Su du, where t is the time, & is the 
induced flux rate per coil turn, ~-=crC;Sp is the time constant 
controlling the decay of magnetostatic fields, S is the speci- 
men cross-sectional area (S= 1.8X 10m6 ma), G =O. 1357, and 
A is a microstructural parameter measuring the strength of 
local pinning interactions. The parameter L’=(V) = (WC/ 
AS,u)Sj is proportional to the average magnetization rate i. 
Therefore, varying c values were simply obtained by control- 
ling the applied field rate Ii, = i/p. The value of A was de- 
termined through measurements of the BE power spectrum.5 
For the present material A =8X lo6 A’ m-a wb-‘, which im- 
plies c=2.6i. 

Figure 1 shows the typical measured time behavior of 
u (u j. As discussed in the previous section, given a threshold 
r. the BJ duration Au is defined as the time interval between 
the two successive points for which the signal [u(zI)>T] 
crosses the threshold. Correspondingly, the BJ size Ax is the 
area of the signal between the two points. The log-log his- 
tograms of the relative frequency of occurrence of different 
u, Au, and Ax values (c=O..ll) are shown in Fig. 2. P(Axj 
and P(An) exhibited a similar well-defined slope in all 
cases, which permitted a reliable determination of the expo- 
nents /3 and y (broken lines). This was not the case for 
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FIG. ?. Lag-log plot of u distribution P,(v), BJ duration distrihution 
P(‘&c), and size distribution P(Ax). Broken lines are best fit lines, 
giving exponents /j and y. The continuous line of slope c- 1 is shown for 
comparison. 

P,(u), where the presence of large fluctuations in the distri- 
bution at low u and the dominant role of the exponential 
cutoff at large u made the determination of cy quite unreli- 
able. The continuous line in the figure shows that these data 
are, at least, consistent with the expected law P,(u)-uC-‘. 

The symbols in Fig. 3 show the behavior of p and y vs 
c (i.e., vs i) obtained from this analysis. The continuous lines 
are the theoretical predictions previously discussed. Both the 
absolute value and the c dependence of the exponents are 
well described by the theory. It is worth remarking that this 
comparison does not involve any adjustable parameter. 

IV. DISCUSSION AND CONCLUSIONS 

BE scaling properties have recently been the subject of 
several investigations.3,“~K~9 Interesting results were obtainec? 
by applying the methods of fractal geometry to the analysis 
of the BE signal. These authors find that BE behaves like a 
self-affine process describable in terms of fractional Brown- 
ian motion processes, with fractal dimensions in the range 
1.5-1.7 (the standard random walk process corresponds to 
the value 1.5). The analysis presented in our paper is based 
on the assumption that the local pinning field experienced by 
the DW can indeed be described as a space random-walk 
process. This is reflected by the fact that the distribution of 

FIG. 3. Measured behavior of p and y vs c=2.6i. Continuous lines 
are theoretical predictions. No adjustable parameter is involved in the 
comparison, 

BJ sizes in the limit c-4 has a scaling exponent of 1.5. In 
fact, in this limit the BJ sizes correspond to the segments 
obtained by cutting the H,(X) function with a line of con- 
stant height H, (the time variation of H, in a BJ can be 
neglected if c is smallj, and it is known’” that this gives a 
distribution of segment lengths with exponent 1.5. 

The results obtained in Ref. 8 suggest a generalization of 
the present approach, where, in the equation 
u=I~~~(u) -x-/z,(x), Iz,(x) is a fractional Brownian motion 
process, spanning a continuous range of fractal dimensions. 
Future work will be devoted to the study of the scaling prop- 
erties of this class of stochastic processes. 
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